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Abstract. The paper describes the construction of a solution to the Kolmogorov-Feller equation with a
nonlinear drift coefficient. This and similar equations are used in problems of the theory of transport and
diffusion. Equations of this type are found in stochastic problems of the theory of safety and reliability,
the dynamics of stellar systems, and even in economic problems. The paper proposes a constructive
method for solving the stationary Kolmogorov-Feller equation with a nonlinear drift coefficient. The cor-
responding algorithms are constructed and their convergence is justified. The basis of the proposed meth-
od is the application of the Fourier transform.
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Introduction

The problems of developing and analyzing mathematical models of physical transfer and filtration process-
es in technical objects can be studied in terms of the correctness of problems for differential, integral and in-
tegro-differential equations. Numerical methods for the analysis of such problems are formed on the basis of
converging algorithms. The best condition is to found analytical solutions to problems in the form of recur-
rence relations justifying their convergence and assessing the accuracy of approximations. Decomposition of
the problem in the study of equations, and its solution through a set of engineering and technical problems al-
lows using integral transforms of the Fourier or Laplace type or formal decompositions of the sought solutions
into function series. However, these methods are not always effective, since the application of the Fourier or
Laplace transforms for nonlinear operators that transform themselves does not simplify the problem. Moreo-
ver, decomposition methods of the sought functions into series contain coefficients that do not always have
technical or physical basis. Finally, when studying technical and physical problems using the indicated meth-
ods, the problem of inverting the corresponding transformations arises.

Thus, it is of great interest to develop methods for solving differential, integral and integro-differential
equations that describe transfer and filtration phenomena in technical and physical problems. The solution
of these problems through the above-mentioned methods has only advantages. It also provides an oppor-
tunity for analytical research and the construction of analytical modeling methods and effective algo-
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rithms for the approximate solution of further technical and physical problems using models of mathemat-
ical physics, theory of random processes, control theory, etc. The author's research shows that the devel-
opment and substantiation of modeling methods and solving applied problems is possible using the theory
of generalized functions. The thesis is devoted to the development, substantiation and applications of the
proposed method for solving technical problems of mathematical physics, describing the processes of
transfer and filtration, which decay rather quickly at infinity. The method is based on the construction and
analysis of a new class of generalized functions as linear functionals in spaces of entire functions of many
real variables. In particular, a constructive connection is traced between the indicated functions and the
sequence of their “power moments”, which makes it possible to give a complete and constructive solution
to the problem of moments for the functions of the classes under consideration.

1. Mathematical Model of the Problem

Consider a variant of the Kolmogorov-Feller equation (1), which occurs in control theory, communi-
cation theory, stellar dynamics. In the literature devoted to analytic constructions of solutions of equations
of type (1), the case of a linear dependence (f = 0) of the drift coefficient on the coordinate is usually
considered; see, for example [1, 2]. In this paper, we will consider £ # 0.

;—x[(ax + BxHW ()] + vf_t:p(A) W(x—A)dA—vW(x) =0,—0 < x < +w (1)

under natural conditions

+o0
W (x) x—_:&) , W(x)dx =1 2)
W0 | pay aa=1 3)

Additionally, suppose p(A) - analytical function with |A| < R for rbig enough or at least its Fourier
transform p(k) = f:: p(x) e*kdx exists and is an analytical function in a sufficiently large interval [3]:

pA(k) =ﬁ0+p’\1k+ﬁ2k+"',|k| < ko, ko > 1 (4)
Note that

5&(0) 1 o
e e R ©

In particular, by virtue of (3),

Po =p(0) =1 (6)
Also, if p(x) - even function, thenp,,_; =0, s=1,2,..., and p(k) - is real.
We now turn in equation (1) to the Fourier transform of the function W (x):

Wk) = [77W(x)e*dx,
k[ipW - aW +v(E2) W] =o.

Conditions (2) at the same time go to
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+o0
f_w W ()| dk < o, .

w(0) = 1.
Thus, the problem of solving an equation (1) with conditions (2) can be replaced by a solution of an
equation [3, 4]:

iBW'(k) — aW'(k) + vp(k)W (k) = 0, (8)
for W (k) satisfying conditions (7). Denoted here
(k) — 1
plio =291 ©
k
By virtue of (6), and the conditions imposed on P (k), we have
+o0
@ =p= [ @ dx @
p(k) = Py + Pok + P3k? + -, [k| < ko. (5)
Moreover [4,5,6] since p(k) — 0, |k| — oo (because p is a Fourier transform), then
-1
p(k)~— (12)
2. Mathematical Model Analysis
Put:
- k
W (k) = p)efo IO, (13)
Notice, that
@(0) =W (0) =1 (14)
and
p(=k) = p(k) (15)

(The last equality is a consequence of the choice of ¥/(k), which will be done below — see (16)). Sub-
stituting (12) into (8), we get

"+( 21/)+‘a) '+(¢2 Y — iz —is ) 0
o'+ (-2 +iz)e Y —izp—izp|e=0.
B B B
Putting on here
y=is (16)
We’ll get forgp (k) following equation
9" —qk)p =0, (17)
Where
o(k) = W(k)e'25", (18)
a? Vv
qlk) = —ﬁ'HEP(k)- (19)

Let us note some elementary properties of q(k).
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1) By virtue of (12)
.V
a(k) + 155 ~ =iz (k| =) 20)
and in particular,
2) By virtue of (11)
q(k) ——ﬁ+lgp1+i%(ﬁ2k+ﬁ3k2+...), k| < ko (22)
or
q(k) :qO+q1k+q2k2+“',|k| < ko. (22,)
where
a? LV A
QO=_§‘HET’1' ”
v (227
an = Ep n+1:
3) Let
6 =6(k) + + ﬁlmp (k). (23)
Then
q(k) = =5(k) + l%Rep(k). (24)

At the same time:

if p(k) is real (which will take place, if, for example,p(x) is an even function), then

2
6 = const = ? > 0; (25)

if Im p (k) # 0, then by (12), for sufficiently large |k|

6k) = + Blmp(k) >0 (26)

Lemma 1. The branch of 1/ q(k):

1 1

(Va), =la) {%(1 + (1 + %)_j} ——iflg(0)] {% (1 — (1 + %)‘5)}

is twice continuously differentiable by k € (0, +) and Re(y/ q(k))1 > 0 for k, which are large enough.

Remarks

1
D VIa@)] = (82 + % [Re p (1)’
2) If p(k) - is real, then Re(,/q(k))1 > 0 forall k > 0.
3) By virtue of property (15), it suffices to construct a solution to equation (17) only for k > 0.

3. Construction of the Solution of the Transfer Theory Problem

We will use the well-known asymptotic theorem for solving the equation
u'(x) = q(ulx) =0 (28)
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when x = +oo.
Theorem 1. Let in the equation (28) q(x)eCZ(O, o) for sufficiently large x and let there exist a

" n2
branch /q(x) of class C%(b,®) such that ,/q(x) >0, x > b > OLet further a;(x) = %q_g — %@ and.
q2 q2

[*|a; (x)|dx Then equation (28) has a solution

1 x
u(x) = q #(x)e I VIOU®[] 4 £, (0)],  &(x) >0, (x > ©)
Moreover, for x > 0

u(x)

i(x)
where i(x) = q_%(x) exp(— fo/q(t)dt),

’ 1|q 1|q’ -
u(x) 1|<_ q (x) +a 1+_@ X(ezfxml(t)ldt_l)

—1l <2 (62ff|a1(r)|dt _ 1),

~ + ~ 4 3
Va)a(x) q2(x) q2(x)
, 1 .
If q3(x) -0, (x » o) thenu'(x) = gz (x)e~/ VaOAE (1 + g (x)), &1(x) = 0, x > +oo.
q2(x)
Lemma2.If |p(k)| < 0 (%) and |p"(k)| < 0 (%) then for equation (17) the previous theorem is valid.
Thus, further we solve the following problem:
@'(k) —q(k)p(k) =0, k>0 (29)
P =1
{cp(k) -0, k-4 (30)

Here q(k) is given by formula (19). Further, we assume that the assumptions of Theorem 1 and all the
relations of §2 are fulfilled. In particular, the function q (k) is analytic when |k| < ko, ko > 1 (see (22')).

From the theory of differential equations, it is known that the solutions of equation (29) are analytic in
the same domain as q (k). Therefore, the decision ¢ (k) should look like

(p(k):1+a1k+a2k+"'; 0Sk<k0 (31)

If we now substitute this decomposition into (29) and take into account (22"), we obtain for the coeffi-
cients a,, following infinite system of equations [3,5,7]:

(n+ D+ 2)ansp — X5=0 AsGn-s = 0
(32)
ag = 1
For a, we immediately get atn = 0
1 a? LV oA
Az =300 =~z tigghi (33)
A a?
In case of even p(x): p; =0, a, = v

Note that if you count known q,, then the system (32) for n = 1,2,..., N will be a closed system
(Nequations for N unknown as, ..., ay42).
The matrix Ay of this system is
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2-3 0 0 0 0 0

0 3-4 0 0 0 0

—4o 0 4.5 0 0 0

AN = _ql _qo 0 5 . 6 0 0
—qn-3 —qn-4 —Aqn-5 —9An-6 - —qo 0 (N+1(N+2)

Its determinant
Ay=detAy = (2-3)3-4)...(N+ 1)(N +2) = %(N +DI(N +2)! = %[(N + 12 > 0.
Therefore, there is an inverse matrix Ay*, which determinant

2

Ay= det Ayt = T [V + 11172 >y 0. (35)
Denote further
q1 qo 0
q2 ’ q1 " ql
Ov=\: | Ov= : | Qu=| :
dn qdn-1 dn-2
In this notation, system (32) for n=1,2,..., N will take the form
AnXy = agQy + a1Qy + a2Qy, (36)
where Xy = (az as... ay4q)T.
The solution of equation (36) is
Xy = Ay (agQn + a2Qy) + a;Ay" Qy. (37)

In these designations for ¢ (k) we have the expression

o(k) =1+ ajk + ayk? + azk3 + - =1+ ak + a,k? + limy_ o KyXy = 1+ ark + a,k? +
Jim KyAy'(aoQu+azQn) + as lim KyAy'Qy. (38)
where Ky = (k3,k*,..., kN*t2),
Denote the two limits on the right-hand side of (38) by h(k) and g(k) respectively. For a given
q (k) - these are known functions. Then (38) takes the form
o(k) =1+ ak + azk? + h(k) + a;g(k) = a,(k + g(k)) + 1 + azk? + h(k) = a, g, (k) + hy(k),
(39)
where k + g(k) = g,(k), 1+ a,k? +h(k) =h,(k).
Relation (39) holds for 0 < k < kg, where k; is big enough. The coefficient a; here is still undefined

[8, 9]. To find it, we use the asymptotic solution ¢(k) (k = +o0), given by Theorem 1. Let k; < ky. Then
by Theorem 1

(k) = Cq3(k)e I 1% (1 4 ¢ (1)

(40)
' LN e— feJa®at
@' (k) = —Cqr(k)e 'k (1+ &),
where £, (k) 950, &,(k) 9k 0 and
k
C=C(ky) = Cye Jo Va®at ¢ (41)

kq—>0

since by virtue of lemma 1
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Re(,/q(t))1 > \/% > 0.

Insofar as 0 < k < k; < ky formulas (39) and (40) give the same function ¢ (k), we get for 0 < k <
ki <kg

0191 (k) + () = Clk)q T (R)e VTP (1 4 ) (1)

' ' 1 - & Jq@®at (42)
a, g1 (k) + hi(k) = —C(ky)qr (ke kaV? (1 + fl(k)),
Putting in (42) k = k4, will get
1
a;g;(ky) +hy(ky) = Cq_Z(kl)(l + 52("1)) 43)
1
a;g1(ky) +hy(ky) = _qu(k1)(1 + 51("1))-
If ky > 1, then |g; (k)| < 1, |&;(ky)] < 1.
Therefore, (43) can be approximately replaced by the system
~ 1
191 (k1) +hy(ky) = Cq (ky)
o , 1 (44)
a191 (k1) + hy(ky) = —Cq+(ky),
where @, and C - are approximate values for 4 and c .
From (44) we find
1,
(dl _ _ h1qi+h'1 ’
9192+9: (45)
C‘-’ — qi gihi—g1hy
1 )
9142+9;
where all functions are calculated when k = k.
For an approximate value @ (k) of ¢ (k) we therefore have
d191(k) +hy(k), 0<k <k
, , 1 1 k
k) = <‘gl—h1£g”,“) gik)q a(kye e VIO e > gy
9142491 / oy, (46)

ky > 1, ky < kg
\ §-k) = k), k20
Remarks. 1. Exact values a; and C = C(k,) can be found as follows. Supposing q (k) is entire func-
tion, i.e. decomposition q(k) = qo + g1k + qyk?+. .. has a place for eachk € (—oo, +0). Then relations
(42), (43) are valid for all k; and k. Then from (42) we have:
1
__ hy(0qZ(R)(1+&1 (k) +h (k) (1+&5 (k)
- 1 )
g1(R)q2 (k) (1+¢&1 (k) +g1 (k) (1 +2 (k) (47)
1 _rk ' _ '
LC(kl) — qz(k)e fkl q(t)dt i91(k)h1(k) 91(1‘7,)}11(’() .
91(0)q2 (k) (141 (k) +g1 (k) (1+£2 (k)
Passing to the limit by k — oo and considering that &; - 0, j = 1,2, we'll get

90 MH®OOPMALMOHHBIE TEXHOJIOI M U BBIMUCTTUTENbHBIE CUCTEMbI 2/2021



Solving Problems in Transportation Systems Modeled by the Nonlinear Kolmogorov-Feller Equation

— _ lim hl(k)q%(kwh' (k)

’“+°°g1(k)qz(k)+g1(k)
Clhky) = lim q4(k)e fklmdtgl(k)hl(k) 91(0h; (k)
k gl(k)qZ(k)+gl(k)

2. If in (38) we restrict ourselves to a finite number of terms, then for an approximate value of @y (k),
0 < k < kg we will have

(48)

on (k) =1+ ark + ak? + KyAy'(aoQy + a2Qy) + a1 KyAN' Qy = 1+ ajk + ak? + hy(k) +
argn(k) = a;(k + gy(K)) + 1 + azk? + hy(k) = a1 918 (k) +hyy(k), 0<k <ky, ko> 1, N> 1
(49)
where g, y(k) =k + gy(k), hyy(k) =1+ a,k? + hy (k).
Approximations @, u CV are found by formulas of the form (45), where h; and g1 are replaced by
h; y andg, y respectively; @y is determined similarly [8,9].
3. Matrix Ay! has the form:

1

0 0 0 0
23
by 5 0 0 0
AVt = 1 ,
by1 b3 - 0
e b . L
N1 DOn2 NN-1  (Nr1)(N+2)

where by (k > s) are expressed through.q;, i <k —3; k = 3; by; = 04. Results

An algorithm for the analytical solution of the Kolmogorov-Feller equation (1) is constructed and sub-
stantiated. This algorithm is as follows.

1. Enter the function ¢ (k) = W(k)eiﬁk, where W (k) is a Fourier transform of the desired function
W(x).
2. For function ¢ (k) the equation holds
@' (k) —ql)eU) =0, k>0
under conditions [10]

{<p(0) =1
@(k) >0, k- +oo
q(k) = qo + g1k + q2k*+..., k| < k.
3. The coefficients g ; are from the relations:
a? LV A
Qo= =3 tigh
qn = i%ﬁrﬁl

p“)(O)

where p, — are from equalities ps = ( >, T xS p(x) dx, or as decomposition coefficients of

the Fourier transform ﬁ(k) = f_oo p(x) e*kdx by powers of  wvariable k:
p(k) = po + D1k + Dok + -, |k| < ko, ko> 1
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4. The sought solution ¢(k) has the appearance
(k) =1+ ak+ak+-, 0<k<k,

where the coefficients a;, j = 2 are sequentially determined from a system of linear algebraic equations
n

(n+ 1D+ 2)an,, — z asqn-s = 0
5=0
The determinant of this system is non-zero.
The coefficient a; is determined by the ratio

. hy () q2(k) + b, (k)
m

= _k—>+oo 1 ' ’
91(k)qz(k) + g, (k)

where the functions h, (k), g4 (k) are determined by the ratios (38), (39).

Conclusions

The results presented in this article were obtained as a result of investigation. The main objective of
the investigation was the development and theoretical substantiation of a method for constructing algo-
rithms for the analytical and numerical solution. Besides, the aim was to develop the analysis of transfer
and filtration problems based on special classes of differential, integral and integro-differential equations,
appropriate to applied problems. These include the problems of system analysis, the theory of random
processes, the theory of automatic control, as well as the analytical solution of a number of new problems.
The new problems are the construction and study of solutions of the Kolmogorov-Feller equation with a
quadratic drift coefficient, solutions of the Boltzmann equation of the kinetic theory of gases, and the
problem of the Poisson processes filtration.
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