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Abstract. The paper describes the construction of a solution to the Kolmogorov-Feller equation with a 
nonlinear drift coefficient. This and similar equations are used in problems of the theory of transport and 
diffusion. Equations of this type are found in stochastic problems of the theory of safety and reliability, 
the dynamics of stellar systems, and even in economic problems. The paper proposes a constructive 
method for solving the stationary Kolmogorov-Feller equation with a nonlinear drift coefficient. The cor-
responding algorithms are constructed and their convergence is justified. The basis of the proposed meth-
od is the application of the Fourier transform. 
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Introduction 

The problems of developing and analyzing mathematical models of physical transfer and filtration process-
es in technical objects can be studied in terms of the correctness of problems for differential, integral and in-
tegro-differential equations. Numerical methods for the analysis of such problems are formed on the basis of 
converging algorithms. The best condition is to found analytical solutions to problems in the form of recur-
rence relations justifying their convergence and assessing the accuracy of approximations. Decomposition of 
the problem in the study of equations, and its solution through a set of engineering and technical problems al-
lows using integral transforms of the Fourier or Laplace type or formal decompositions of the sought solutions 
into function series. However, these methods are not always effective, since the application of the Fourier or 
Laplace transforms for nonlinear operators that transform themselves does not simplify the problem. Moreo-
ver, decomposition methods of the sought functions into series contain coefficients that do not always have 
technical or physical basis. Finally, when studying technical and physical problems using the indicated meth-
ods, the problem of inverting the corresponding transformations arises. 

Thus, it is of great interest to develop methods for solving differential, integral and integro-differential 
equations that describe transfer and filtration phenomena in technical and physical problems. The solution 
of these problems through the above-mentioned methods has only advantages. It also provides an oppor-
tunity for analytical research and the construction of analytical modeling methods and effective algo-
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rithms for the approximate solution of further technical and physical problems using models of mathemat-
ical physics, theory of random processes, control theory, etc. The author's research shows that the devel-
opment and substantiation of modeling methods and solving applied problems is possible using the theory 
of generalized functions. The thesis is devoted to the development, substantiation and applications of the 
proposed method for solving technical problems of mathematical physics, describing the processes of 
transfer and filtration, which decay rather quickly at infinity. The method is based on the construction and 
analysis of a new class of generalized functions as linear functionals in spaces of entire functions of many 
real variables. In particular, a constructive connection is traced between the indicated functions and the 
sequence of their “power moments”, which makes it possible to give a complete and constructive solution 
to the problem of moments for the functions of the classes under consideration. 

1. Mathematical Model of the Problem 

Consider a variant of the Kolmogorov-Feller equation (1), which occurs in control theory, communi-
cation theory, stellar dynamics. In the literature devoted to analytic constructions of solutions of equations 
of type (1), the case of a linear dependence (β = 0) of the drift coefficient on the coordinate is usually 
considered; see, for example [1, 2]. In this paper, we will consider β ≠ 0. 

ௗ

ௗ௫
ሾሺݔߙ ൅ ሻሿݔଶሻܹሺݔߚ ൅ ߥ ׬ ሻܣሺ݌

ା∞
ି∞ ܹሺݔ െ ܣሻ݀ܣ െ ሻݔሺܹߥ ൌ 0, െ∞ ൏ ݔ ൏ ൅∞ (1)

under natural conditions 

ܹሺݔሻ → 0
௫→േ∞

, න ܹሺݔሻ݀ݔ ൌ 1
ା∞

ି∞
 (2)

ሻܣሺ݌
 |஺|→∞
ሱۛ ۛۛ ۛۛ ሮۛ 0, න ሻܣሺ݌

ା∞

ି∞
ܣ݀ ൌ 1. (3)

Additionally, suppose ݌ሺܣሻ - analytical function with |ܣ| ൏ ܴ for R big enough or at least its Fourier 

transform ̂݌ሺ݇ሻ ൌ ׬ ሻݔሺ݌
ା∞
ି∞  ݁௜௫௞݀ݔ exists and is an analytical function in a sufficiently large interval [3]: 

 

ሺ݇ሻ̂݌ ൌ ଴̂݌ ൅ ଵ݇̂݌ ൅ ଶ݇̂݌ ൅ ⋯ , |݇| ൏ ݇଴, ݇଴ ≫ 1  (4)

Note that 

௦̂݌ ൌ
ሺ௦ሻሺ0ሻ̂݌

!ݏ
ൌ
1
!ݏ
ሺ݅ሻ௦ න ሻݔሺ݌௦ݔ

ା∞

ି∞
(5) ݔ݀

 

In particular, by virtue of (3), 

଴̂݌ ൌ ሺ0ሻ̂݌ ൌ 1 (6)

Also, if ݌ሺݔሻ - even function, then̂݌ଶ௦ିଵ ൌ 0, 	 ݏ ൌ 1,2, . .. , and ̂݌ሺ݇ሻ - is real. 

We now turn in equation (1) to the Fourier transform of the function ܹሺݔሻ: 

෡ܹ ሺ݇ሻ ൌ ׬ ܹሺݔሻ݁௜௫௞݀ݔ
ା∞
ି∞ , 

݇ ቂ݅ߚ ෡ܹ ″ െ ߙ ෡ܹ ′ ൅ ߥ ቀ
௣ොିଵ

௞
ቁ ෡ܹ ቃ ൌ 0. 

Conditions (2) at the same time go to 
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ቐ
න ห ෡ܹ ሺ݇ሻห݀݇ ൏ ∞,
ା∞

ି∞
෡ܹ ሺ0ሻ ൌ 1.

 (7)

Thus, the problem of solving an equation (1) with conditions (2) can be replaced by a solution of an 
equation [3, 4]: 

ߚ݅ ෡ܹ ″ሺ݇ሻ െ ߙ ෡ܹ ′ሺ݇ሻ ൅ ሺ݇ሻߩߥ ෡ܹ ሺ݇ሻ ൌ 0, (8)

for ෡ܹ ሺ݇ሻ satisfying conditions (7). Denoted here 

ሺ݇ሻߩ ൌ
ሺ݇ሻ̂݌ െ 1

݇
 (9)

By virtue of (6), and the conditions imposed on			݌ෝሺ݇ሻ, we have 

ሺ0ሻߩ ൌ ଵ̂݌ ൌ න ሻݔሺ݌ݔ
ା∞

ି∞
(4) ݔ݀

ሺ݇ሻ݌ ൌ ଵ̂݌ ൅ ଶ݇̂݌ ൅ ଷ݇ଶ̂݌ ൅ ⋯ , |݇| ൏ ݇଴.  (5)

Moreover [4,5,6] since  ̂݌ሺ݇ሻ → 0, |݇| → ∞ (because ̂݌ is a Fourier transform), then 

~ሺ݇ሻ݌ ିଵ

௞
 (12) 

2. Mathematical Model Analysis 

Put: 

 ෡ܹ ሺ݇ሻ ൌ ߮ሺ݇ሻ݁ି׬ టሺ௞ሻௗ௞
ೖ
బ . (13) 

Notice, that 

 ߮ሺ0ሻ ൌ ෡ܹ ሺ0ሻ ൌ 1 (14) 

and 

 ߮ሺെ݇ሻ ൌ ߮ሺ݇ሻ (15) 

(The last equality is a consequence of the choice of ߰ሺ݇ሻ, which will be done below – see (16)). Sub-
stituting (12) into (8), we get 

߮″ ൅ ൬െ2߰ ൅ ݅
ߙ
ߚ
൰߮′ ൅ ൬߰ଶ െ ߰′ െ ݅

ߙ
ߚ
߰ െ ݅

ߥ
ߚ
൰߮ߩ ൌ 0. 

Putting on here 

 ߰ ൌ ݅
ఈ

ଶఉ
, (16) 

We’ll get for߮ሺ݇ሻ following equation 

 ߮″ െ ሺ݇ሻ߮ݍ ൌ 0, (17) 

Where 

 ߮ሺ݇ሻ ൌ ෡ܹ ሺ݇ሻ݁
௜
ഀ
మഁ
௞
, (18) 

ሺ݇ሻݍ  ൌ െ
ఈమ

ଶఉమ
൅ ݅

ఔ

ఉ
 ሺ݇ሻ. (19)ߩ

Let us note some elementary properties of ݍሺ݇ሻ. 
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1) By virtue of (12) 

ሺ݇ሻݍ  ൅
ఈమ

ଶఉమ
∼ െ݅

ఔ

ఉ௞
	 ሺ|݇| → ∞ሻ (20) 

and in particular, 

ሺ݇ሻ̂݌   →
െఈమ

2ఉమ
, ሺ|݇| → ∞) (21) 

2) By virtue of (11) 

ሺ݇ሻݍ  ൌ െ
ఈమ

ଶఉమ
൅ ݅

ఔ

ఉ
ଵ̂݌ ൅ ݅

ఔ

ఉ
ሺ̂݌ଶ݇ ൅ .ଷ݇ଶ൅̂݌ . . ሻ, 	 |݇| ൏ ݇଴ (22) 

or 

ሺ݇ሻݍ  ൌ ଴ݍ ൅ ଵ݇ݍ ൅ ଶ݇ଶݍ ൅ ⋯ , |݇| ൏ 	݇଴. (22’) 

where 

 ቐ
଴ݍ ൌ െ

ఈమ

ଶఉమ
൅ ݅

ఔ

ఉ
,ଵ̂݌

௡ݍ ൌ ݅
ఔ

ఉ
.௡ାଵ̂݌

 (22”) 

3) Let 

ߜ  ൌ ሺ݇ሻߜ ൅
ఈమ

ଶఉమ
൅

ఔ

ఉ
݉ܫ ߩ ሺ݇ሻ. (23) 

Then 

ሺ݇ሻݍ  ൌ െߜሺ݇ሻ ൅ ݅
ఔ

ఉ
ܴ݁ ߩ ሺ݇ሻ. (24) 

At the same time: 

if ߩሺ݇ሻ is real (which will take place, if, for example,݌ሺݔሻ is an even function), then 

ߜ  ൌ ݐݏ݊݋ܿ ൌ
ఈమ

ଶఉమ
൐ 0; (25) 

if ݉ܫ ߩ ሺ݇ሻ ് 0, then by (12), for sufficiently large |݇| 

ሺ݇ሻߜ  ൌ
ఈమ

ସఉమ
൅

ఔ

ఉ
݉ܫ ߩ ሺ݇ሻ ൐ 0 (26) 

Lemma 1. The branch of ඥݍሺ݇ሻ:
 

൫ඥݍሺ݇ሻ൯
ଵ
ൌ ඥ|ݍሺ݇ሻ| ൝

ଵ

ଶ
ቆ1 ൅ ቀ1 ൅

ሾோ௘ ఘሺ௞ሻሿమఔమ

ఋమఉమ
ቁ
ି
భ
మ
ቇൡ

భ
మ

െ െ݅ඥ|ݍሺ݇ሻ| ൝
ଵ

ଶ
ቆ1 െ ቀ1 ൅

ሾோ௘ ఘሺ௞ሻሿమఔమ

ఋమఉమ
ቁ
ି
భ
మ
ቇൡ

భ
మ

 

is twice continuously differentiable by ݇ ∈ ሺ0,൅∞ሻ and ܴ݁൫ඥݍሺ݇ሻ൯
ଵ
൐ 0 for ݇, which are large enough. 

Remarks 

1) ඥ|ݍሺ݇ሻ| ൌ ቀߜଶ ൅
ఔమ

ఉమ
ሾܴ݁ ߩ ሺ݇ሻሿଶቁ

భ
ర
 

2) If ߩሺ݇ሻ - is real, then ܴ݁൫ඥݍሺ݇ሻ൯
ଵ
൐ 0 for all ݇ ൐ 0. 

3) By virtue of property (15), it suffices to construct a solution to equation (17) only for ݇ ൒ 0. 

3. Construction of the Solution of the Transfer Theory Problem 

We will use the well-known asymptotic theorem for solving the equation
 
 

ሻݔሺ″ݑ  െ ሻݔሺݑሻݔሺݍ ൌ 0 (28) 
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when ݔ → ൅∞. 

Theorem 1. Let in the equation (28) ݍሺݔሻ߳С2ሺ0,∞ሻ for sufficiently large x  and let there exist a 

branch ඥݍሺݔሻ of class ܥଶሺܾ,∞ሻ such that  ඥݍሺݔሻ ൐ 0, ݔ ൐ ܾ ൒ 0Let further ߙଵሺݔሻ ൌ
ଵ

଼

௤″

௤
య
మ
െ

௦

ଷଶ

ൣ௤′൧
మ

௤
ఱ
మ

 and. 

׬ ݔ݀|ሻݔଵሺߙ|
௫

 Then equation (28) has a solution 

ሻݔሺݑ ൌ ିݍ
భ
రሺݔሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೣ
ሾ1 ൅ 	,ሻሿݔଶሺߝ ሻݔଶሺߝ  → 0, ሺݔ → ∞ሻ 

Moreover, for ݔ ൐ 0 

ቤ
ሻݔሺݑ

ሻݔ෤ሺݑ
െ 1ቤ ൑ 2 ቀ݁ଶ׬ |ఈభሺ௧ሻ|ௗ௧

∞
ೣ െ 1ቁ, 

where ݑ෤ሺݔሻ ൌ ିݍ
భ
రሺݔሻ ׬൫െ݌ݔ݁ ඥݍሺݐሻ݀ݐ

௫
൯, 

ቤ
ሻݔሺ′ݑ

ඥݍሺݔሻݑ෤ሺݔሻ
൅ 1ቤ ൑

1
4
ቮ
ሻݔሺ′ݍ

ݍ
ଷ
ଶሺݔሻ

ቮ ൅ 4ቌ1 ൅
1
4
ቮ
ሻݔሺ′ݍ

ݍ
ଷ
ଶሺݔሻ

ቮቍ ൈ ቀ݁ଶ׬ |ఈభሺ௧ሻ|ௗ௧
∞
ೣ െ 1ቁ. 

If  
௤′ሺ௫ሻ

௤
య
మሺ௫ሻ

→ 0, ሺݔ → ∞ሻ then ݑ′ሺݔሻ ൌ ݍ
భ
రሺݔሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೣ
൫1 ൅ ሻݔଵሺߝ ,ሻ൯ݔଵሺߝ → ݔ ,0 → ൅∞.  

Lemma 2. If |̂݌ሺ݇ሻ| ൑ ܱ ቀ
ଵ

௞
ቁ  and ห̂݌″ሺ݇ሻห ൑ ܱ ቀ

ଵ

௞
ቁ then for equation (17) the previous theorem is valid. 

Thus, further we solve the following problem: 

 ߮″ሺ݇ሻ െ ሺ݇ሻ߮ሺ݇ሻݍ ൌ 0,				݇ ൐ 0 (29) 

 ൜
߮଴ ൌ 1
߮ሺ݇ሻ → 0,					݇ → ൅∞ (30) 

Here ݍሺ݇ሻ is given by formula (19). Further, we assume that the assumptions of Theorem 1 and all the 
relations of §2 are fulfilled. In particular, the function ݍሺ݇ሻ is analytic when  |݇| ൏ ݇଴, 	݇଴ ≫ 1	 (see (22')). 

From the theory of differential equations, it is known that the solutions of equation (29) are analytic in 
the same domain as ݍሺ݇ሻ. Therefore, the decision ߮ሺ݇ሻ should look like 

 ߮ ሺ݇ሻ ൌ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ ൅ ⋯ ,					0 ൑ ݇ ൏ ݇଴ (31) 

If we now substitute this decomposition into (29) and take into account (22′), we obtain for the coeffi-
cients ܽ௡ following infinite system of equations [3,5,7]: 

 ൜
ሺ݊ ൅ 1ሻሺ݊ ൅ 2ሻܽ௡ାଶ െ ∑ ܽ௦ݍ௡ି௦ ൌ 0௡

௦ୀ଴
ܽ଴ ൌ 1

 (32) 

For ܽଶ we immediately get at ݊ ൌ 0 

 ܽଶ ൌ
ଵ

ଶ
଴ݍ ൌ െ

ఈమ

ସఉమ
൅ ݅

ఔ

ଶఉ
 ଵ. (33)̂݌

In case of even ݌ሺݔሻ:  ̂݌ଵ ൌ 0,  ܽଶ ൌ െ
ఈమ

ସఉమ
. 

Note that if you count known 1a , then the system (32) for ݊ ൌ 1,2, . . . , ܰ will be a closed system 

(ܰequations for ܰ unknown ܽଷ, . . . , ܽேାଶ). 

The matrix ܣே of this system is 
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ேܣ ൌ

ۉ

ۈ
ۈ
ۈ
ۇ

2 ⋅ 3 0 0 0 ⋅ ⋅ 0 0
0 3 ⋅ 4 0 0 ⋅ ⋅ 0 0
െݍ଴ 0 4 ⋅ 5 0 ⋅ ⋅ 0 0
െݍଵ െݍ଴ 0 5 ⋅ 6 ⋅ ⋅ 0 0
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

െݍேିଷ െݍேିସ െݍேିହ െݍேି଺ ⋅ െݍ଴ 0 ሺܰ ൅ 1ሻሺܰ ൅ 2ሻی

ۋ
ۋ
ۋ
ۊ

. 

Its determinant 

ᇞேൌ ݐ݁݀ ேܣ ൌ ሺ2 ⋅ 3ሻሺ3 ⋅ 4ሻ. . . ሺܰ ൅ 1ሻሺܰ ൅ 2ሻ ൌ
ଵ

ଶ
ሺܰ ൅ 1ሻ! ሺܰ ൅ 2ሻ! ൌ

ேାଶ

ଶ
ሾሺܰ ൅ 1ሻ!ሿଶ ൐ 0. 

Therefore, there is an inverse matrix ܣே
ିଵ, which determinant 

 ᇞே
′ ൌ ݐ݁݀ ேܣ

ିଵ ൌ
ଶ

ሺேାଶሻ
ሾሺܰ ൅ 1ሻ!ሿିଶ →ே→∞ 0. (35) 

Denote further 

ܳே ൌ ቌ

ଵݍ
ଶݍ
⋮
ேݍ

ቍ, 			ܳே
′ ൌ ቌ

଴ݍ
ଵݍ
⋮

ேିଵݍ

ቍ,				ܳே
′′ ൌ ቌ

0
ଵݍ
⋮

ேିଶݍ

ቍ   

In this notation, system (32) for 1,2,...,n N= will take the form 

ேߕேܣ  ൌ ܽ଴ܳே ൅ ܽଵܳே
′ ൅ ܽଶܳே

″ , (36) 

where ߕே ൌ ሺܽଷ ܽସ. . . ܽேାଵሻ். 

The solution of equation (36) is 

ேߕ  ൌ ேܣ
ିଵሺܽ଴ܳே ൅ ܽଶܳே

″ ሻ ൅ ܽଵܣே
ିଵܳே

′ . (37) 

In these designations for ߮ሺ݇ሻ we have the expression 

   

߮ሺ݇ሻ ൌ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ଶ ൅ ܽଷ݇ଷ ൅ ⋯ ൌ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ଶ ൅ limே→ஶ ேܺேܭ ൌ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ଶ ൅
lim
ே→ஶ

ேܣேܭ
ିଵ൫ܽ଴ܳே൅ܽଶܳே

″ ൯ ൅ ܽଵ limே→ஶ
ேܣேܭ

ିଵܳே
′ ,    (38) 

where ߈ே ൌ ሺ݇ଷ, ݇ସ, . . . , ݇ேାଶሻ. 
Denote the two limits on the right-hand side of (38) by	hሺ݇ሻ and ݃ሺ݇ሻ respectively. For a given 

 ሺ݇ሻ - these are known functions. Then (38) takes the formݍ

߮ሺ݇ሻ ൌ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ଶ ൅ hሺ݇ሻ ൅ ܽଵ݃ሺ݇ሻ ൌ ܽଵ൫݇ ൅ ݃ሺ݇ሻ൯ ൅ 1 ൅ ܽଶ݇ଶ ൅ hሺ݇ሻ ≡ ܽଵ݃ଵሺ݇ሻ ൅ hଵሺ݇ሻ, 

 (39) 

where ݇ ൅ ݃ሺ݇ሻ ൌ ݃ଵሺ݇ሻ, 	 1 ൅ ܽଶ݇ଶ ൅ hሺ݇ሻ ൌ hଵሺ݇ሻ. 
Relation (39) holds for 0 ൑ ݇ ൏ ݇଴, where ݇଴ is big enough. The coefficient ܽଵ here is still undefined 

[8, 9]. To find it, we use the asymptotic solution ߮ሺ݇ሻ (݇ → ൅∞), given by Theorem 1. Let ݇ଵ ൏ ݇଴. Then 
by Theorem 1 

 ቐ
߮ሺ݇ሻ ൌ ିݍܥ

భ
రሺ݇ሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೖ
ೖభ ൫1 ൅ ଶሺ݇ሻ൯ߝ

߮′ሺ݇ሻ ൌ െݍܥ
భ
రሺ݇ሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೖ
ೖభ ൫1 ൅ ,ଵሺ݇ሻ൯ߝ

 (40) 

where ߝଵሺ݇ሻ→௄→∞ 0 ∞→ଶሺ݇ሻ→௄ߝ , 0 and 

ܥ  ൌ ሺ݇ଵሻܥ ൌ ଴݁ܥ
׬ି ඥ௤ሺ௧ሻௗ௧

ೖభ
బ

	 ௞భ→∞	
ሱۛ ۛۛ ۛۛ ሮ 0. (41) 

since by virtue of lemma 1 
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ܴ݁൫ඥݍሺݐሻ൯
ଵ
൒ ටఋ

ଶ
൐ 0. 

Insofar as 0 ൑ ݇ ൑ ݇ଵ ൏ ݇଴ formulas (39) and (40) give the same function ߮ሺ݇ሻ, we get for 0 ൑ ݇ ൑
݇ଵ ൏ ݇଴ 

ቐ
ܽଵ݃ଵሺ݇ሻ ൅ hଵሺ݇ሻ ൌ ݍሺ݇ଵሻܥ

ି
భ
రሺ݇ሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೖ
ೖభ ൫1 ൅ ଶሺ݇ሻ൯ߝ

ܽଵ݃ଵ
′ ሺ݇ሻ ൅ hଵ

′ ሺ݇ሻ ൌ െܥሺ݇ଵሻݍ
భ
రሺ݇ሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೖ
ೖభ ൫1 ൅ ,ଵሺ݇ሻ൯ߝ

 (42) 

Putting in (42) ݇ ൌ ݇ଵ, will get 

ቐ
ܽଵ݃ଵሺ݇ଵሻ ൅ hଵሺ݇ଵሻ ൌ ିݍܥ

భ
రሺ݇ଵሻ൫1 ൅ ଶሺ݇ଵሻ൯ߝ

ܽଵ݃ଵ
′ ሺ݇ଵሻ ൅ hଵ

′ ሺ݇ଵሻ ൌ െݍܥ
భ
రሺ݇ଵሻ൫1 ൅ .ଵሺ݇ଵሻ൯ߝ

 (43) 

If ݇ଵ ≫ 1, then |ߝଵሺ݇ଵሻ| ≪ |ଶሺ݇ଵሻߝ| ,1 ≪ 1. 

Therefore, (43) can be approximately replaced by the system 

 ൝
෤ܽଵ݃ଵሺ݇ଵሻ ൅ hଵሺ݇ଵሻ ൌ ିݍሚܥ

భ
రሺ݇ଵሻ

෤ܽଵ݃ଵ
′ ሺ݇ଵሻ ൅ hଵ

′ ሺ݇ଵሻ ൌ െܥሚݍ
భ
రሺ݇ଵሻ,

 (44) 

where ෤ܽଵ and ܥሚ - are approximate values for 1a  and C . 

From (44) we find 

 

ە
ۖ
۔

ۖ
෤ܽଵۓ ൌ െ

୦భ௤
భ
మା୦భ

′

௚భ௤
భ
మା௚భ

′
,

ሚܥ ൌ ݍ
భ
ర
௚భ
′ ୦భି௚భ୦భ

′

௚భ௤
భ
మା௚భ

′
,
 (45) 

where all functions are calculated when ݇ ൌ ݇ଵ. 
For an approximate value ෤߮ ሺ݇ሻ of ߮ሺ݇ሻ we therefore have 

ە
ۖ
۔

ۖ
ۓ

෤߮ሺ݇ሻ ൌ

ە
ۖ
۔

ۖ
ۓ

෤ܽଵ݃ଵሺ݇ሻ ൅ hଵሺ݇ሻ,			0 ൑ ݇ ൑ ݇ଵ

ቆ
௚భ
′ ୦భష௚భ୦భ

′

௚భ௤
భ
మା௚భ

′
ቇ
௞ୀ௞భ

ݍ		
భ
రሺ݇ଵሻݍ

ି
భ
రሺ݇ሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೖ
ೖభ , ݇ ൒ ݇ଵ

݇ଵ ≫ 1, ݇ଵ ൏ ݇଴		
෤߮ሺെ݇ሻ ൌ ෤߮ሺ݇ሻ, ݇ ൒ 0

									 (46) 

Remarks. 1. Exact values ܽଵ and ܥ ൌ -ሺ݇ሻ is entire funcݍ ሺ݇ଵሻ can be found as follows. Supposingܥ
tion, i.e. decomposition ݍሺ݇ሻ ൌ ଴ݍ ൅ ଵ݇ݍ ൅ .ଶ݇ଶ൅ݍ .. has a place for each݇ ∈ ሺെ∞, ൅∞ሻ. Then relations 
(42), (43) are valid for all ݇ଵ and ݇. Then from (42) we have: 

ە
ۖ
۔

ۖ
ଵܽۓ ൌ െ

୦భሺ௞ሻ௤
భ
మሺ௞ሻ൫ଵାఌభሺ௞ሻ൯ା୦భ

′ ሺ௞ሻ൫ଵାఌమሺ௞ሻ൯

௚భሺ௞ሻ௤
భ
మሺ௞ሻ൫ଵାఌభሺ௞ሻ൯ା௚భ

′ ሺ௞ሻ൫ଵାఌమሺ௞ሻ൯
,

ሺ݇ଵሻܥ ൌ ݍ
భ
రሺ݇ሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೖ
ೖభ

௚భ
′ ሺ௞ሻ୦భሺ௞ሻି௚భሺ௞ሻ୦భ

′ ሺ௞ሻ

௚భሺ௞ሻ௤
భ
మሺ௞ሻ൫ଵାఌభሺ௞ሻ൯ା௚భ

′ ሺ௞ሻ൫ଵାఌమሺ௞ሻ൯
.
 (47) 

Passing to the limit by ݇ → ∞ and considering that ߝ௝ → 0,  ݆ ൌ 1,2, we'll get 
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ە
ۖ
۔

ۖ
ଵܽۓ ൌ െ ݈݅݉

௞→ା∞

୦భሺ௞ሻ௤
భ
మሺ௞ሻା୦భ

′ ሺ௞ሻ

௚భሺ௞ሻ௤
భ
మሺ௞ሻା௚భ

′ ሺ௞ሻ
,

ሺ݇ଵሻܥ ൌ ݈݅݉
௞→ା∞

ݍ
భ
రሺ݇ሻ݁ି׬ ඥ௤ሺ௧ሻௗ௧

ೖ
ೖభ

௚భ
′ ሺ௞ሻ୦భሺ௞ሻି௚భሺ௞ሻ୦భ

′ ሺ௞ሻ

௚భሺ௞ሻ௤
భ
మሺ௞ሻା௚భ

′ ሺ௞ሻ
.
 (48) 

2. If in (38) we restrict ourselves to a finite number of terms, then for an approximate value of ߮ேሺ݇ሻ, 
0 ൑ ݇ ൏ ݇଴ we will have 

߮ேሺ݇ሻ ൌ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ଶ ൅ ேܣே߈
ିଵ൫ܽ଴ܳே ൅ ܽଶܳே

″ ൯ ൅ ܽଵ߈ேܣே
ିଵܳே

′ ≡ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ଶ ൅ hேሺ݇ሻ ൅
ܽଵ݃ேሺ݇ሻ ൌ ܽଵ൫݇ ൅ ݃ேሺ݇ሻ൯ ൅ 1 ൅ ܽଶ݇ଶ ൅ hேሺ݇ሻ ≡ ܽଵ݃ଵ,ேሺ݇ሻ ൅ hଵ,ேሺ݇ሻ,			0 ൑ ݇ ൑ ݇଴, ݇଴ ≫ 1,  ܰ ≫ 1  

(49) 

where ݃ଵ,ேሺ݇ሻ ൌ ݇ ൅ ݃ேሺ݇ሻ,  hଵ,ேሺ݇ሻ ൌ 1 ൅ ܽଶ݇ଶ ൅ hேሺ݇ሻ. 

Approximations ෤ܽଵ
ே и ܥሚே are found by formulas of the form (45), where hଵ and ݃ଵ are replaced by 

hଵ,ே and݃ଵ,ே respectively; ෤߮ே is determined similarly [8,9]. 

3. Matrix ܣே
ିଵ has the form: 

ேܣ
ିଵ ൌ

ۉ

ۈ
ۈ
ۈ
ۇ

ଵ

ଶ⋅ଷ
0 0 0 0

ܾଶଵ
ଵ

ଷ⋅ସ
0 0 0

ܾଷଵ ܾଷଶ
ଵ

ସ⋅ହ
⋅ 0

. ⋅ ⋅ ⋅ ⋅
ܾேଵ ܾேଶ ⋅ ܾே,ேିଵ

ଵ

ሺேାଵሻሺேାଶሻی

ۋ
ۋ
ۋ
ۊ

, 

 
where ܾ௞௦ ሺ݇ ൐ ,௜ݍ.ሻ are expressed throughݏ ݅ ൑ ݇ െ 3; 		݇ ൒ 3;	ܾଶଵ ൌ 0	4. Results  

An algorithm for the analytical solution of the Kolmogorov-Feller equation (1) is constructed and sub-
stantiated. This algorithm is as follows. 

1. Enter the function ߮ሺ݇ሻ ൌ ෡ܹ ሺ݇ሻ݁
௜
ഀ
మഁ
௞

, where ෡ܹ ሺ݇ሻ– is a Fourier transform of the desired function 
ܹሺݔሻ. 

2. For function ߮ሺ݇ሻ the equation holds 

߮″ሺ݇ሻ െ ሺ݇ሻ߮ሺ݇ሻݍ ൌ 0, ݇ ൐ 0 

under conditions [10] 

൜
߮ሺ0ሻ ൌ 1
߮ሺ݇ሻ → 0, ݇ → ൅∞

, 

ሺ݇ሻݍ ൌ ଴ݍ ൅ ଵ݇ݍ ൅ .ଶ݇ଶ൅ݍ . . , |݇| ൏ ݇଴. 

3. The coefficients jq  are from the relations: 

ቐ
଴ݍ ൌ െ

ఈమ

ଶఉమ
൅ ݅

ఔ

ఉ
ଵ̂݌

௡ݍ ൌ ݅
ఔ

ఉ
௡ାଵ̂݌

, 

where ˆ jp  – are from equalities ̂݌௦ ൌ
௣ොሺೞሻሺ଴ሻ

௦!
ൌ

ଵ

௦!
ሺ݅ሻ௦ ׬  ሻݔሺ݌௦ݔ

ା∞
ି∞  or as decomposition coefficients of ,ݔ݀

the Fourier transform ̂݌ሺ݇ሻ ൌ ׬ ሻݔሺ݌
ା∞
ି∞  ݁௜௫௞݀ݔ by powers of variable k:	

ሺ݇ሻ̂݌ ൌ ଴̂݌ ൅ ଵ݇̂݌ ൅ ଶ݇̂݌ ൅ ⋯ , |݇| ൏ 	݇଴, ݇଴ ≫ 1		 
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4. The sought solution ( )k  has the appearance 

߮ሺ݇ሻ ൌ 1 ൅ ܽଵ݇ ൅ ܽଶ݇ ൅ ⋯ ,					0 ൑ ݇ ൏ ݇଴ 

where the coefficients ௝ܽ ,  ݆ ൒ 2 are sequentially determined from a system of linear algebraic equations 

ሺ݊ ൅ 1ሻሺ݊ ൅ 2ሻܽ௡ାଶ െ෍ܽ௦ݍ௡ି௦ ൌ 0

௡

௦ୀ଴

 

The determinant of this system is non-zero. 

The coefficient ܽଵ  is determined by the ratio 

ܽଵ ൌ െ ݈݅݉
௞→ା∞

hଵሺ݇ሻݍ
ଵ
ଶሺ݇ሻ ൅ hଵ

′ ሺ݇ሻ

݃ଵሺ݇ሻݍ
ଵ
ଶሺ݇ሻ ൅ ݃ଵ

′ ሺ݇ሻ
, 

 

where the functions hଵሺ݇ሻ, ݃ଵሺ݇ሻ are determined by the ratios (38), (39). 

Conclusions 

The results presented in this article were obtained as a result of investigation. The main objective of 
the investigation was the development and theoretical substantiation of a method for constructing algo-
rithms for the analytical and numerical solution. Besides, the aim was to develop the analysis of transfer 
and filtration problems based on special classes of differential, integral and integro-differential equations, 
appropriate to applied problems. These include the problems of system analysis, the theory of random 
processes, the theory of automatic control, as well as the analytical solution of a number of new problems. 
The new problems are the construction and study of solutions of the Kolmogorov-Feller equation with a 
quadratic drift coefficient, solutions of the Boltzmann equation of the kinetic theory of gases, and the 
problem of the Poisson processes filtration. 
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