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Introduction

Mathematical and economic-mathematical tools
are in most cases inherent in the creation of new
methods using the latest equipment, improving the
automation of cross-traffic, making the construction
of multi-level interchanges redundant, requiring
many resources, many months and years and high
financial costs. Automation of traffic control at sin-
gle-level intersections of the road network in a sig-
nificant number of cases successfully competes
with the construction of multi-level interchanges. In
intelligent automation, one of the leading roles be-
longs to mathematical methods, and in improving
its efficiency - to economic and mathematical tools.

Intelligent traffic light control systems make trans-
portation faster and more efficient and predictable,
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reduce travel time and downtime, reduce harmful
gaseous emissions, noise and traffic incidents much
easier and cheaper. However, the endless regional
diversity of road networks and intersections, types,
models and number of vehicles makes it difficult to
implement standard solutions, requiring research
and development of new methods for optimizing au-
tomated traffic control at one-level intersections.
The latest research, method developments and
proposed solutions in recent years can improve au-
tomated traffic control at single-level intersections
directly or indirectly to varying degrees. Direct
methods concern the use of new equipment, de-
vices, and software, Internet of Things (IoT) tech-
nologies, big data generation and analysis, and arti-
ficial intelligence [1]. Indirect methods include
advanced evaluation and calculation techniques,
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grading levels, control, statistics and analysis,
efficiency calculations [2], including safety aspects
and social benefits [3]. Also, indirect methods in-
clude improvements in the architecture of transport
traffic management [4], including the reduction of
travel time uncertainty based on “Ex-post” indica-
tors [5], as well as new methods of computer mod-
eling and forecasting, integration of air transport ca-
pabilities, including "unmanned".

The perspective structure of traffic distribution
in UAM urban airspace is based on flow modeling
and structuring of a three-dimensional (3D) two-
way network. The motion optimization problem is
solved by means of a linear dynamic system (LDS),
a two-phase approach combining simulated anneal-
ing (SA) and the Dafermos algorithm (DA). The new
complexity metric is defined as an objective function
that takes into account the dynamic structure of the
flow, workload and operational efficiency [6].

The expansion of the use of aircraft in urban
transport not only requires new regulatory solutions,
but also creates opportunities for improving the au-
tomated control of ground traffic. The dynamic col-
lection of growing volumes of increasingly diverse
data generated requires increasingly faster pro-
cessing and analysis, approaching real time. For
video monitoring of traffic streams, a high-perfor-
mance solution using machine vision and a neural
network (YOLOV4) is proposed. The number and
dimensions of vehicles stopped before the stop line,
the dynamics of braking before and accelerating af-
ter the intersection are recorded [7-8].

The spread of the Internet of things (IoT) is ac-
companied by the expansion of communications
and the integration of various objects of vehicles
and road infrastructure. The rapid growth of a vari-
ety of sensors with different characteristics makes it
difficult to classify and integrate the data they gen-
erate from an ever larger list of species. The devel-
opers make a critical review of existing traditional
classifications and propose an improved taxonomy
of road traffic network traffic [9].

Intelligent transport systems such as VANET
(Vehicular Adhoc Networks) serve as an integrating
solution for data exchange between vehicle speed
adapters and road infrastructure. Models of mobil-
ity, simulation and prediction of traffic distribution
at intersections are developed on the principles of
stochastic processes and queuing theory. The

queuing system is analyzed as a continuous-time
Markov chain (CTMC), steady state probabilities
calculations produce performance measures for var-
ious scenarios [10].

Accounting for vehicle power and fuel type, the
microemission model of harmful emissions, and the
K-means clustering analysis method make it possible
to integrate stationary (according to city sensors) and
dynamic (according to bus driving profiles) load indi-
cators, to determine traffic scenarios [11-13].

An advanced road traffic management method-
ology has been developed for an unknown, time-
varying fundamental diagram (FD) with variable
traffic composition, connected and automated vehi-
cles (CAVS) with different driving characteristics.
The reference model adaptive control maximizes
problem area throughput by being integrated into a
control scheme including a linear quadratic cumula-
tive regulator to control traffic with a percentage of
CAVs. The effectiveness of the proposed approach
is illustrated by simulation experiments with a
multi-lane macroscopic traffic flow model that
takes into account the reduction in throughput [14]

The multiple regression equations included all
considered types of vehicles, allowing varying pre-
dictive estimates for different traffic patterns. The
categorical traffic flow model at the intersection,
created on the basis of fuzzy logic methods, made it
possible to present 3D capacity estimates in the
graph, taking into account some uncertain factors of
the traffic flow [15-16]

The modernization of cross traffic control cen-
ters is carried out using specialized digital twins and
artificial intelligence, based on the analysis of exist-
ing solutions, a reference model has been developed
[17]. Also, adapted Building Information Modeling
(BIM) tools are useful as a methodological basis for
traffic analysis and road intersection design model-
ing [18].

New methods make it possible to successfully
implement automation in non-standard cases (for
example, when reducing the number of lanes on
bridges and tunnels) [19]. Dedicated automation so-
lutions offer the opportunity to improve traffic man-
agement in developing countries and regions where
the creation of a modern road network is a distant
future [20], as well as at minor intersections where
large-scale construction is not economically
feasible.
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The potential of automation can be applied even
at non-signalled intersections, regulated based on
the perceptions of vehicle drivers. Parameters that
cannot be directly measured in the field can be esti-
mated using a simulation model with the combined
use of a functionally connected artificial neural net-
work (FLANN) and differential evolution (DE)
[21-23]. Systematic elimination of dispersed local
"bottlenecks" by new intelligent methods increases
the overall efficiency of the road transport network
at the regional, national and international levels.

1. Related works

In research on transport issues, scientists often
use probability theory, queuing theory and other
branches of applied mathematics, as well as various
simulation methods for skipping flows in transport
networks. Despite a great contribution to the devel-
opment of the probabilistic approach was made,
such formulas have not received wide practical ap-
plication. The fundamental results associated with
the simplest flow of events, obtained by E. Borel
[24], were used by Saaty [25-27] and Haight [26] to
analyze the operation of traffic control in which the
normal position of the traffic light is closed. Haight
used the same design to analyze the work in other
modes. The modification of the method proposed by
the authors is that additional restrictions are im-
posed on the operation of traffic lights, making the
entire construction a Markov random process. Un-
der these conditions, one can quantify the stationary
probability and calculate the desired characteristics.
This method will allow us to estimate the economic
losses corresponding to transport delays. By embed-
ding the proposed method into the algorithms of the
intelligent traffic flow control system, it is possible
to solve a whole class of problems related to an ac-
curate assessment of the economic feasibility of
modifying the transport infrastructure, for example,
replacing single-level intersections with multi-level
ones. You can also apply the method when design-
ing a transport network and determining the number
of intersections of traffic flows following from one
part of the city to another. At the same time, the pro-
posed method can be an alternative and a basis for
comparison with more time-consuming and expen-
sive methods of modeling presented in the introduc-
tion.

2. Materials and Methods

It should be noted that answers can be obtained
under fairly strict assumptions about the mode of
operation of the traffic light, the conditions for the
passage of cars through it, and the nature of their
flow. The main concept in the following is the sim-
plest flow of events - in this case, the flow of cars
arriving at a traffic light. The famous mathematician
E. Borel obtained fundamental results in this direc-
tion as early as the middle of the last century. This
design was used to analyze the operation of a traffic
light, in which the normal position of the traffic light
is closed. Frank Haightfinds conditional probabili-
ties f(z,x) that at the moment the red light comes on,
waiting for the green light Z = z cars waiting for the
green light, provided that at the moment the previ-
ous green light came on there were X = x cars, i.e.
fzx) = P(Z =z/X = x). [25]

The probability that in the simplest flow of
intensity A events per unit time in period t, k events
will occur is equal to

P(t k) = 92 ot

Tk

(1)

We also note that the simplest flow is also char-
acterized by the fact that the time interval between
two successive events is distributed according to an
exponential law with the same parameter A , the av-
erage time between events is 1/ /4.

2.1. The normal position of the traffic light
is closed

Suppose in the simplest flow of cars (cars) - in-
tensity A, the passage of a traffic light is allowed at
regular intervals T (i.e., the time the traffic light is
occupied by one car all the time). The normal posi-
tion of the traffic light is closed, it opens for a time
not exceeding a and closes if there are no waiting
cars in front of the traffic light. The normal position
of the traffic light is closed, it opens for a time not
exceeding a and closes if there are no waiting cars
in front of the traffic light. During the specified time
open through it passes no more than some constant
number of cars N, consequently, T = a/N. Denote
p = AT so there p is the average number of arriving
cars in the stream during the time one car passes
through the traffic light. Note that the approximate
relation p = aA/N.
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It is convenient to take a new unit of time -
namely, the time for which the car passes the traffic
light, i.e. 7 . This is equivalent to counting 1 = 1.
Then p gets the meaning of the intensity of the flow
of cars arriving at the traffic light in a (new) unit of
time, and at the same time p approximately equal

to a/N is the number of units of time it takes the car
to pass the traffic light. (In fact, the transition to new
notation is the transition to dimensionless quanti-
ties). These notations are taken from the work of F.
Haight, who, in turn, used the necessary results of
E. Borel.

Let us consider the Borel construction, which
will be needed in what follows. Let {4;} events of
the simplest flow on the real axis, the intensity of
the flow is equal to p (again, we recall that A it is

considered equal to 1). Let's construct some se-
quence of intervals. Let A; the first event of the
thread after the start of counting, i.e. 0. Set aside
from A length segment p and its end is denoted by

a dot B; If in the segment A;B; there are no flow
points, then the desired sequence is constructed, and
it consists of one interval A, By length p. If the spec-
ified interval contains @, points - events of the flow,
then we postpone from the point B; length interval
a,p get a point B,. If in this interval B, B, there are
no flow points, then the desired sequence is con-
structed and it consists of 1 + a4 length intervals
p every. And so on, until in some interval By, _, By,

is &, flow points, and in the interval By, By 4 total

length a;, p there are no flow points, then the desired
sequence is constructed and it consists of 1+
aq+...+ag length intervals p each (in the interval

By _1, By 1s a;, points). The sequence can also be of
infinite length. Then you can construct the next se-
quence in the same way, taking the first point of the
flow to the right of the points of the constructed se-
quence as the first point of the new sequence.

What is the probability p, that an arbitrary se-

quence thus constructed consists of n=1+
aq+. .. +aglength intervals p every. Through rather
complicated reasoning, using the theory of power
series and information from the theory of functions
of'a complex variable, Borel finds that

nn—z

Pn= oy P e ®)

For some variants of parameter relations, Borel
also finds the probability that the desired sequence
has an infinite length, but the most interesting case
is when this probability is equal to 0, which we re-
strict ourselves to. Further, Borel, somewhat gener-
alizing his construction, lays aside the point B not

at a distance of one length interval p from the

point A; and at a distance of total length 7 such
intervals, each length p . In this case, the probabil-

ity p, turns out to be equal

n—-r-1

n

r——p" e forn =r,r +1,.. (3)
(n—r)!

pﬂ:

This Borel construction can be connected with a
one-level intersection of traffic flows as the follow-
ing. Suppose that at the moment the green signal
turned on, there was a queue in front of the traffic
light r vehicle. During the passage through the traf-
fic lights of these 7 vehicle - this time is rp some

more will come a; vehicle; when these traffic lights
pass a4 cars - in time a4 p some more will arrive at
the traffic light a, cars etc. up to some k -th step
for which- length a;p not a singlecar will arrive at
the traffic light, the queue will be reset, as a result
of which it will immediately turn on the red light
(that's what it means that its normal position is
closed!). Then the probability that these intervals
Tp + a1p+....+a,p combined together make a se-
quence of length np those. together they make n
spans long p each is equal p,, see formula (3). Af-
ter such a period of time, not a single car will remain
in front of the traffic light and it closes, thus, by the
next red signal, there will be no cars waiting in front
of the traffic light.

The probability of formula (3) F. Haight means
R(n,r) Wherein n,r must still satisfy some natural

conditions (for example, 7 should be no more N
otherwise, the queue cannot be reset for the entire
duration of the green signal).

Let f(z, x) there is a conditional probability that
at the moment the red light comes on, there is a
Z =z cars, provided that at the moment the previ-
ous green light came on, there was X = x vehicles,
ie. f(z,x)=P(Z=z/X=x) Using Borel's results
above, Haight shows that
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f(z,x) =
(al)z—(x—N))e—a/l
z-G—my 7N
N
_ ZR(j;x),z=0,xSN
Jj=x
ePZ[R(N + 73 x) — ZR(z;j)f(j; 0),z>0x<N
=1

4)

In principle, taking into account the changed no-
tation, these formulas can be rewritten as follows
(just assume that A1 =1 Then ald approximately
equal to Np).

f(zx) = (x=N))g=N
(Np)?~(=NDe=Np

( Ty ,x>N

{ ?’=xR(j;x),z=0,xSN

\eP?[R(N + 2 x) — Y2 R(z )f (5 0)],2 > 0,x < N
O]
The first equation shows that during the time the
green signal is active, N vehicle but all vehicle are
included x > N will not have time to pass, will re-
main in front of him x — N means in time @ = Np
should arrive before moving z — (x — N)) vehicle,
the probability of this for the simplest flow is calcu-

lated by formula (1).

Now consider the equation of formula (6). In him

R B 6

R(n; T) =7r p— e nppn r ( )

n=rr+1,..).

So that by the time the red light turns on there
are no cars left in front of the traffic light, it is nec-
essary that the queue is reset to zero in some time,
no more N spans long p. And in less time i, it

cannot reset to zero - after all, they must pass X
queuing cars!

The third equation can be interpreted as follows.
First for z=1 we have -R(N+1;x)=
f(1;x)e™P. By the time the green light came on,
they were waiting in line. X cars, even if only 1 car
remained by the time of the red signal, R(N + 1, x)
- is the probability that x + a;+...+a; = N (unit
of measurement is a span of length o ); for the next

interval p not a single car should arrive - because

for N +1 intervals, the queue should “zero out”:
the probability of this is equal to e ~°. Similarly, to
this reasoning, we have, in the general case, we can
write:

z—-1

R(N +2z,x)— f(z,x)e %P = Zf(]';x) “R(z;))
=1
(7

An analogue of the total probability formula has
been obtained, but it must be skillfully used. For ex-
ample, when z =1 the sum on the right should be
considered equal to 0 (Fig. 1).

2.2. The first possible mode

The normal position of the traffic light is open.
Suppose that the flow of cars is the simplest inten-
sity 4 =1 vehicle per unit of time (for simplicity,
we keep the agreements of the previous paragraph).
Passage of cars past the traffic light is allowed at
regular intervals T. The traffic light is closed ac-
cording to the conditions of train movement along
the haul for a time not exceeding a. Other assump-
tions can also be refined.

2.3. The second possible mode
The traffic light mode is regular. traffic light
for a while 7, lights red (red), then for a while 7,

green (green) and the lengths of these gaps are con-
stant. Such a regime is also possible and needs to be
studied.

-

Light up
green

¥

Light up red

Fig. 1. Scheme for formula (5)
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2.4. The third possible mode

The traffic light mode is random. The traffic
light is red for some time, then green for some time,
the lengths of these intervals are random and subject
to some kind of distribution laws, for example, ex-
ponential, with their own parameters g,r - respec-

tively: then the average green light burning time is
equal to 1/g, red - 1/r; it is also obvious that
1/g+1/r=1.

Recall that if a random (s.) quantity (v.) & has
an exponential distribution with parameter 4 Then
P(& > a) = e™*4, expected value ¢ equals 1/A.

In what follows, the characteristic property of
the exponential distribution is used.

A characteristic property of the exponential dis-
tribution. Lets. v & has an exponential distribution,

then P&>a+b/E>b)=RAE>a). This characteristic

property can be formulated in words as follows: if,
for example, & this is the burning time of the green

(or red) signal, then the distribution of the lagging
burning time at any moment of burning is also in-
dicative, and the parameter of this distribution re-
mains the same. This property is called characteris-
tic because if the distribution has it, then it is
necessarily exponential. The green light mode of a
real traffic light at a railway crossing approximately
has this property.

Proof. See, for example in [28].

In what follows, we use the following well-
known property about exponential random varia-
bles, which weformulate as Proposition 1.

Proposition 1. Let &,&, independent r.v., expo-
nentially distributed with parameters, respectively,

/11922- Then
A A
P(é:l <§2):ﬁap(é&2 <9&1): 1 +2l

Proof. See, for example in [28].
Proposition 2. For any natural

X f(0;x) = X7 R(j; x) - e79P7 £(0; 0) =
f(0;0) X7_ R(j; x) e 9P7] = £(0; 0)R(x)

Where R(r)=Yp-rR(m;r)e 9" =
o pn-r-1 n _
Yo r " e—(mp gnp)pn T

Proof. As you know, see above R(j;x) there is a
possibility that ;j intervals oflength each p queue
of X cars in front of the traffic lights will be reset
to zero for the first time. But for this, the green light
must still be on at least p j units of time. The prob-

g

ability of this is € *” After that we fix x = 0 and
due to the properties of the exponential distribution,

we obtain the probability 100
Proposition 3. 1. f(z;0) = ﬁf(Z; 1) +

52~ 0 that £(0; 0) = —— £(0; 1) + -2
0z # 0 T At BT Aeg
2. If x>0 That f(z;x) =
© —-gnp [o© (gnp)k —-gnp _
n=1(R(n,1)e Yr=ol——e ) (z,x

k!
n + k)] From condition (41) we obtain f(0;0) =

A . g ;0) =
mf(0,1)+/1+g if z#0 so f(z0)=

2 £z ).

A+g

Proof for condition 1. Let there be no cars in
front of the traffic light at the moment the green
light turns on: 7 = 0 . Let the event A(z;0) there
is "at the moment the green signal lights up in front
of the traffic light there are no cars, and by the time
it is extinguished there are z cars in front of it." We
are talking about finding the probability of this
event, in other notation, about calculating f(z; 0).
We put forward two hypotheses about the course of
this process: H; = “First, a car will arrive at the traf-
fic light, and then the green light will turn off.”

Proposition 1 implies that P(H;) = ﬁ. At the
same time, at any moment of the green light burning
after the arrival of the car, we fix x =1. Notice, that
P(A(z0)/ H,)=f(z;]) by the property of the expo-
nential distribution. Probability of the opposite
event — H,= “The car has not yet arrived, and the
green light has already gone out” is equal to ﬁ. At
any time when the green signal is on, we fix x = 0

Moreover, it is clear that at this moment and
z=0 those. an event happened A(0;0) so
P(A(0;0)/H,) = 1. Therefore, we have f(0;0) =

A . g9 . .

mf(o, 1)+ e if z # 0 then this cannot be

P(A(z;0)/H,) = 0. According to the total proba-
bility formula in this case, from Proposition 3 we
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obtain: f(0;0) = ﬁf(o; 1)+ /’Lf—;g where we get
Atg

f(0; 1) ==2£(0;0) - %
Proof for condition 2. Calculate the probability
f(z;x) at x> 0. While 1 car passes through the

traffic light, during this time more arrive ; cars and
stand in line. While first in line ¢, cars pass through
the traffic light, more arrive &, cars, etc. Let during
the journey a@; no more cars coming. Let 1+
a1+...+a; = n. To these n cars managed to pass
through the traffic light, the green signal should be
on for at least np units of time, the probability of
this e 79, But the queue has shrunk n cars at the
expense of their passage through the traffic light, so
that it left x —n . Let this time besides 1,a, s O
cars rigidly connected with the traffic light 1 car
through the traffic light - more approached the traf-
fic light £ > 0 cars, total, thus, for the time np ar-
rived k cars and standing in line (x —n + k) cars.
(gnp)*

Probability this is equal to T e 9™ So we get
f(zx) = .
R (R(n, 1)e=9mP Bip_o 500 e =00 f (7 x —

n + k). Denoting f(z; 1) through y,, we obtain an
infinite system of linear algebraic equations with an
infinite number of unknowns );, which, in princi-
ple, can be solved by methods suitable for finite sys-

tems with a finite number of unknowns and find the
quantities y; = f(z; 1).

2.5. About stationary mode

A traffic light passes on average during the du-
ration of the green light 4 = giT cars, and for the av-

erage travel time cars through the traffic light arrive
at it (also on average) B = A(g + %) = A cars.

Proposition 4. If B>4 ie. if AgT > 1 then
there is no steady state. This is obvious, because un-
der this condition the traffic light simply cannot
cope with the flow of arriving cars. If B < A then,
apparently, a stationary regime exists.

Estimated travel time. Let's consider one more
case when the traffic light crossing time is random
and distributed according to the exponential law:
P(t > c¢) = e™¢ where u distribution parameter.

Meaningful meaning of the parameter yu The aver-
. S, 1
age time to cross a traffic light is " There are some

grounds to consider the real time of moving to be
approximately exponentially distributed. With such
a distribution, most of the cars pass the traffic light
in a relatively short time, and only a small part of
the cars spends a relatively long time crossing.
With an exponential time of the crossing occu-
pation, the passage of cars through the crossing can
be modeled by a Markov process using a labeled
graph built on a set of states, and all questions can
be solved to the end. Let's denote the state "green
light on, x cars waiting in line" by (z, x), and the
state "red light on, x cars waiting in line" by (k, x),
we also note that A, g, r denote the parameters of the
exponential distributions of the duration of the arri-
val interval between two cars and the burning times
of the green and red lights. Through x denote the

parameter of the exponential time of passage
through the traffic light. Thus, the probability that
the time of the move ¢ will exceed a is equal to
P(t > a) = e "2, The labeled state graph has the
following form (Fig. 2).

Now you can compose a system of linear alge-
braic equations as follows:

For each k -th state, we compose an equation

Yizk AikP; = (Ujzk Akj) P where 4; density of

transition probability (corresponds to an arrow go-
ing from the i -th state to the j -th). To these equa-

tions we add one more - normalization: the sum of
all probabilities is equal to 1: ),; P; = 1.

The solution of this system gives the probabili-
ties of states in the stationary mode. We write the
corresponding equation for the state (3, x + 1). For
simplicity, we assign numerical values to the states
-((3,x)-1, (3,x+1)-2,(3,x-1)-3,(K,x)-4,(K,x+1)-5)

uP, + AP+ gP,=(A+pu+1r)P;

The labeled state graph above, together with the
normalization equation, allows us to find the limit-

ing or stationary probabilities F,. After finding

these probabilities, you can answer questions, in-
cluding those posed at the very beginning:

Average queue length ),,~o[P(3, x) + P(K, x)

Probability of passing without delay = P(3,0) +
P(K,0).

Average waiting time at the traffic light = Aver-
age length of the queue multiplied by the average
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3, %1

u

3,X
3,X+1y
It

A

K.X-1 K.X

K.X+1

Fig. 2. Labeled state graph of the system "traffic flow - intersection™

time the crossing was occupied by one car, which is
equal to 1/pu.

Other similar questions can be studied in a simi-
lar way.

3. Discussion and Conclusions

The presented analysis shows the possibility of
using queuing theory formulas in evaluating the ef-
fectiveness of the functioning of the intelligent
transport infrastructure, which makes it possible to
increase the reliability of economic calculations
when determining the costs of both renewal and de-
sign.

As a result of the study, an accurate mathemati-
cal description of the module's operation logic is
presented, which, when integrated into the system
of urban intelligent regulation of traffic flows, will
allow moving from probabilistic models to an eco-
nomic assessment of the efficiency of the transport
infrastructure. The proposed method is a modifica-
tion of the fundamental results of E. Borel and F.
Haight related to the simplest flow of events, which,
through additional restrictions, reduces the opera-
tion of the transport node to a Markov random pro-
cess and this allows using the formulas of queuing
theory when considering its functioningfor further
economic assessment.

A labeled state graph has been built that allows
obtaining quantitative characteristics of the opera-
tion of the transport node. The theoretical basis of
computational experiments intended for solving ap-
plied problems in the future has been created.

At the same time, important conditions for the
correct operation of the proposed method should be
noted. The application of the method assumes a
number of conditions - the Poisson flow of the
transport arriving at the intersection, the indicative
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time for the transport to pass through the intersec-
tion, the random mode of the traffic light. The mode
of allowing the movement of traffic lights has the
property of lack of memory, that is, it is an indica-
tive law. Consideration of the functioning of
transport interchanges as a Markov random process
makes it possible to use the mathematical apparatus
of the queuing theory in full.It was possible for the
first time to obtain an infinite system of linear alge-
braic equations with an infinite number of un-
knowns, which can later be solved by methods suit-
able for finite systems with a finite number of
unknowns.

However, the above conditions must be met. Ac-
cording to the authors, the proposed method can be
an alternative to the more costly method of agent-
based modeling. A separate study will require the
synchronization of the modified method with the
fuzzy control logic of the regulation of traffic flows.
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