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Пропой А. И.
Институт системного анализа, Москва

ХАРАКТЕРИСТИКА ЕВКЛИДОВЫХ И ПСЕВДОЭВКЛИДОВЫХ 
ПРОСТРАНСТВ

(1, n)

1. Введение
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n X
B B

X

B
q(x) = qB(x) = inf{r � 0 |x ∈ rB}. (1)

B = {x | q(x) � 1}, (2)

q B q(x∗) = 1
B q(x) > 1 x /∈ B

q
B

q(λx) = λq(x), λ > 0 , (3)

q(x + z) � q(x) + q(z) . (4)

q

2. Обобщенное евклидово пространство



23Характеристика эвклидовых и псевдоэвклидовых пространств

q
q(x) = q(−x) B q(x) > 0

x �= 0 q q(x) = ‖x‖
B X

q X

ρ(x, z) = q(x − z)
ρ(x, z) = 0 x = z; ρ(x, z) = ρ(z, x)

ρ(x, z) � ρ(x) + ρ(z) . (5)

ρ X

ρ

ρ

B
Rτ (x)

x τ
Rτ (x) == x + τcB B =

{x | q(x) � τc}, c
B

{v | v = f(x, u), u ∈ U}

(X, q)
q(x) = ‖x‖ (X, q)

3. Характеристика евклидова пространства
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(X, q)
n � 2 ‖x‖ = q(x)

X u1, u2

q2(u1 + u2) + q2(u1 − u2) = 2[q2(u1) + q2(u2)]. (6)

4g(u1, u2) = q2(u1 + u2) − q2(u1 − u2), (7)

g(u, u) = q2(u) = u2, u ∈ X. (8)

(X, g) n
g : X × X → R

(X, g)

E = {x | g(x, x) � 1}. (9)

X g′ g
g′

u1

u2 R2(u1, u2) = span(u1, u2)
X

2v = u1 + u2, 2w = u1 − u2, (10)

u1 = v + w, u2 = v − w. (11)

4. Понятие эллипса
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(u1, u2) (v, w)
R2

(u1, u2) (v, w)
(u1, u2) (v, w) (v, w)

(u1, u2)
X

R2 g
(v, w)

g(v, v) = v2, g(w, w) = w2, g(v, w) = g(w, v) = 0. (12)

(v, w)

(v, w)

Er = {(t, τ) | t2v2 + τ 2w2 � r2}, (13)

u = tv + τw R2 (t, τ)

u =
tv + τw u′ = t′v + τ ′w

g(u, u′) = tt′v2 + ττ ′w2. (14)

u′ = u− = tv − τw u
Rw

g(u, u−) = t2v2 − τ 2w2. (15)

u = tv + τw = v̂ + ŵ

E = {(v, w) ∈ R2 | q2(v) + q2(w) � r2}, (16)

(v, w)
R2

v2 + w2 � r2

(u1, u2) (v, w)
g : R2 × R2 → R
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(v, w)
(v, w)

{(x1, x2) |x2
1 + x2

2 �
1} x1, x2 x a1, a2

x = x1a1 + x2a2

(u1, u2) ui

ûi = (r/q(ui))ui q(ûi) = r i = 1, 2
(u1, u2)

u1 = v + w u2 = v − w q(u1) = q(u2) = r

q2(v) + q2(w) = q2(v + w), q2(v) + q2(w) = q2(v − w), (17)

v w g(v, w) = 0

X
(u1, u2) (v, w)

(X, q)
B

(X, q)

Br = rB r (X, q)
z1 z2 u1 = z1−x0

u2 = z2 − x0 x0 = 0
(u1, u2) (v, w)

(x0, z1, z2) Sv v
Sv

gv R2 Ev

v E = Ev

Br

(x0, z1, z2) gv(u, u) = g(u, u) = q2(u) u ∈ X2
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(u1, u2) Sv

R2(u1, u2) E
z1 z2 n

B̄r

n → n + 1 n X

B
B

v X

X = Xv ⊕ X⊥
v , (18)

x = tv + w w ∈ W = X⊥
v Xv

Rv X v W = X⊥
v

Xv

p ∈ X∗

X = Xp ⊕ X⊥
p x = tv + w

w ∈ Xp v ∈ X⊥
p Xp p X⊥

p

Xp

v ∈ X p ∈ X∗

Xv = X⊥
p Xp = X⊥

v

v v∗

Rw : u → u − 2ww∗(u) w∗ ∈
X∗ w∗(w) = 1

w∗(v) = 0

Rw(u) = Rw(tv + w) = tv − w = u−. (19)

Rw (X, q) q(Rw(u)) = q(u)
u ∈ X

X

5. Изометрические отражения
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Xv v z �∈
Rv u = z−x0 x0 = 0 z− u− = z−−x0

q(u) = q(u−) x̄
[z, z−] Rv

x̄ − x0 = tv z − x̄ = x̄ − z− = w q(u) = q(u−) = ct q(v) =
βc 0 < β < 1 (u, u−) (tv, w)

Rw

w (X, q)
q(Rwy) �= q(y) y ∈ X q(tv + w) �= q(tv − w) t > 0

y = u
z w

Rv = I − 2vv∗ v∗ ∈ X∗

u = tv + w u− = −tv + w
q(tv + w) �= q(−tv + w) t > 0

q(tv+ τw) = q(−tv− τw) t, τ > 0
B

B

(X, q)
v ∈ X

v∗ ∈ X∗ Rv
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(X, q)

(u1, u2)

g(u1, u2) = q2(v) − q2(w), (20)

v, w (v, w)
u1, u2

q(u1) = q(u2) = c

cos 2ϕ = (v2 − w2)/c2, (21)

ϕ (u1, v) (u2, v)

g g(x, x) = q2(x)

(X, q) u1, u2 q(u1) = q(u2)
Sv v

v dim X = n �
3 u1, u2

w = (u1 − u2)/2
u1 {u | q(u) =

q(u1)}
(X, q) w

R2(w,w′) v
w (n − 1)

W q(w′) = q(w) w′, w ∈ W
(X, q) w

n X
q(v + w′) �= q(v + w) u′ = v + w′ u = v + w

6. Эллиптический конус
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X

(X, q) dim X = n � 3 Br =
{u | q(u) � r2} r = c

Hβ = {u | p(u) = βc}, (22)

p 0 < β < 1 Fρ

Br Hβ Fρ = Br ∩ Hβ.

F̄ρ = {u | q(u) = c, p(u) = βc}. (23)

(X, q)
Bn

r Hβ p ∈ X∗

0 < β < 1 (n − 1) B
(n−1)
ρ = {w | q(w) � ρ}

B

p

B

x0

K = {tu |u = z − x0, z ∈ Fρ, t � 0}. (24)

X v
X = Xv ⊕ W W = X⊥

v

u = tv + w

K(v) = {(t, w) | q2(w) � t2v2, t � 0, w ∈ W}, v2 = q2(v). (25)

t = t̄
W ρ2 = t̄2v2

K(v) (X, q)
Rv



31Характеристика эвклидовых и псевдоэвклидовых пространств

W = Xp p(w) = 0 w ∈ W
z1, z2

Sv

(u1, u2) (v, w) ui = zi − x0 i = 1, 2 w = w1 =
z1 − x̄ = u1 − v, z2 − x̄ = u2 − v = −w1 x̄ [z1, z2]

z1, z2 aff(z1, z2)
W 1 z1, z2, x0

aff(z1, z2, x0) X2 =
span(u1, u2).

z3 �∈ aff(z1, z2, x0) u3 = z3 − x0 w2 = z3 −
x̄ = u3 − v X3 = span(u1, u2, u3)

(u1, u2, u3) (v, w1, w2) X3 = Xv ⊕ W 2 W 2 =
span(w1, w2)

X3 g : X3×X3 →
R (v, w1, w2)

g(v, w1) = g(v, w2) = g(w1, w2) = 0,

g(v, v) = q2(v), g(wi, wi) = q2(wi), i = 1, 2.

(v, w1, w2) W 2

Xv X3

(v, w1, w2) u ∈ X3

u = tv + τw1 + sw2 u2 = t2v2 + τ 2w2
1 + s2w2

2.

K3(v) = {(t, τ, s) | τ 2q2(w1) + s2q2(w2) � t2q2(v)}. (26)

t W 2 K3(v)
X3 Rv

n Xn =
Xv ⊕ W n−1, n � 3 :

Kn(v) = {(t, τ) | τ 2q2(w) � t2q2(v), w ∈ W n−1}, (27)

Kn(v) = {(t, w) | q2(w) � t2q2(v), w ∈ W n−1},
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q2(w1 + w2) = q2(w1) + q2(w2) w1, w2 ∈
W n−1

Sv v
Xn W n−1

x̄ v

(X, q) v ∈ X X (X, g) q2(x) =
g(x, x) x ∈ X

(X, q)
K

p ∈ K∗ x̄.
x̄

p v ⊥ Xp

Fρ

(X, q)
K

Fρ

(v, cw) q(cw) = c
cy y q(cy) = c u = tv + τcw

q(u) = ct

K(v) = {(t, τ) | t2v2 + τ 2c2 � c2t2}. (28)

v = βcv q(v) = βc tcu t � 0
β = cos ϕ ϕ tcu tv

v2 = β2c2

Kϕ(v) = {(t, τ) | (1 − β2)t2 � τ 2}, β = cos ϕ. (29)

τ 2 = (1 − β2)t2 (30)
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(X, K)
K z � x z x z − x ∈ K

� X
K = {x | x � 0}

D K D K
D + K = D D K D + K

D ⊂ K
K K

D

µ(x) = µD(x) = sup{µ |x ∈ µD}. (35)

µ

µ(λx) = λµ(x), λ > 0 ,

µ(x + z) � µ(x) + µ(z) . (36)

Dθ = {x |µ2(x) � θ2}, D1 = D (37)

θ > 0

K = D0 = {x |µ2(x) � 0} (38)

X
µ(x) � 0 x ∈ K µ(x) = 0

K µ(x) < 0 x K
v ∈ X µ(v) > 0

w ∈ X µ(w) < 0 cy ∈ X µ(cy) = 0

µ : d(x, z) = µ(x − z)

7. Псевдоевклидово пространство
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q µ
(1, n−

1)
(X, s)

s : X × X → R
s

(e0, e1, . . . , en−1) X
s(ei, ej) = 0 i �= j s(ei, ei) = −1 i = 1, . . . , n − 1 s(e0, e0) = 1

s
m(x + z) � m(x) + m(z)

m2(x) = s(x, x) (X, s)

(1, n − 1)
s(x, y) = x0y0 − x1y1 − · · · − xn−1yn−1

X⊥
v = W u = tv + w w ∈ W

s(u1, u2) = t1t2v
2 −

g(w1, w2) g
W

u2 = u−
1 = u− = tv − w s(u1, u2) = t2v2 − q2(w)

q2(w) = g(w, w)
(X, s)

(n1, n2) n1 +n2 = n X = W1 ⊕
W2 dimW1 = n1 dimW2 = n2 s(x, x′) = g1(w1, w

′
1)− g2(w2, w

′
2)

g1 g2

W1 W2 x = w1 +
w2 x′ = w′

1 + w′
2

s(x, x) � 0 X
s(x, x) = 0

x s(x, x) < 0
µ

µ D
(X, µ) µ2(x) =
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s(x, x)

s(v, w) = s(w, v) = 0, s(v, v) = q2(v), s(w,w) = −q2(w). (39)

(X, s)

Dθ = {u | s(u, u) � θ2} = {(v, w) | q2(v) − q2(w) � θ2}.

u u−

s(u, u−) = q2(v) + q2(w).

u1, u2

(X, q) {u ∈
R2(u1, u2) | q2(u) � r2} {(v, w) ∈ R2(u1, u2) | q2(v) +
q2(w) � r2} X (X, g) g(u, u−) = q2(v) −
q2(w)

u1, u2

(X,µ)
{u ∈ R2(u1, u2) |µ2(u) � θ2}

{(v, w) ∈ R2(u1, u2) | q2(v) − q2(w) � θ2} X
(X, s) s(u, u) = q2(v) + q2(w)

B

8. Заключение
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(1, n)

u = tv + w vk+1 = vk + wk k = 1, 2, . . .
u

vn+1 = v0 + w1 + · · · + wn, v0 = v1. (40)

vn+1 ∈ Xn+1 Xn+1 = X1
0 ⊕ Xn Xn = W n =

span(w1, . . . , wn)

t2n+1 = t20 + q2(w1) + · · · + q2(wn), (41)

tk = q(vk)
Xn+2 = span(v0, w1, . . . , wn, vn+1)

tn+1 span(v0, w1, . . . , wn) tn+1

t0 span(w1, . . . , wn, vn+1)
t0

Список литературы
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